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Multistage material handling processes are broadly used for manufacturing various products/jobs, where hoists are
commonly used to transport inline products according to their processing recipes. When multiple types of jobs with different
recipes are simultaneously and continuously handled in a production line, the hoist movement scheduling should be
thoroughly investigated to ensure the operational feasibility of every job inline and in the meantime to maximize the
productivity if possible. The hoist scheduling will be more complicated, if uncertainties of new coming jobs are considered,
that is, the arrival time, type, recipe, and number of new jobs are totally unknown and unpredictable before they join the
production line. To process the multiple jobs already inline and the newly added jobs, the hoist movements must be swiftly
rescheduled and precisely implemented whenever new job(s) come. Because a reschedule has to be obtained online without
violating processing time constraints for each job, the solution identification time for rescheduling must be taken into
account by the new schedule itself. All these stringent requisites motivate the development of real-time dynamic hoist
scheduling (RDHS) targeting online generation of reschedules for productivity maximization under uncertainties. Hitherto,
no systematic and rigorous methodologies have been reported for this study. In this article, a novel RDHS methodology has
been developed, which takes into account uncertainties of new coming jobs and targets real-time scheduling optimality and
applicability. It generally includes a reinitialization algorithm to accomplish the seamless connection between the previous
scheduling and rescheduling operations, and a mixed-integer linear programming model to obtain the optimal hoist
reschedule. The RDHS methodology addresses all the major scheduling issues of multistage material handling processes,
such as multiple recipes, multiple jobs, multicapacity processing units, diverse processing time requirements, and even
optimal processing queue for new coming jobs. The efficacy of the developed methodology is demonstrated through various
case studies. VVC 2012 American Institute of Chemical Engineers AIChE J, 59: 465–482, 2013
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Introduction

Multistage material handling processes are widely used in
chemical, automotive, electronic, steel, and many other
industries for manufacturing various products/jobs. Surface
coating operations, such as electroplating and polymeric
coating, are typical examples, where job handling is man-
aged by hoist(s). A hoist is a controlled robot to lift, release,
or move jobs from one processing unit to another along a
production line by following a preset movement schedule
based on the processing recipe of each job. Because there
are multiple jobs simultaneously processed in the same pro-
duction line, hoist movements must be well scheduled so as
to satisfy the multistage processing request from each job;
and in the meantime to maximize the productivity of the
entire production line if possible. Obviously, hoist schedul-
ing is one of the most relevant factors to improve the pro-
ductivity. It is reported that as high as 20% reduction in
mean job waiting time and 50% improvement in standard

deviation of cycle time can be achieved by hoist schedul-
ing.1

Historically, hoist schedules were developed based on pro-
cess experience. The first reported effort for computerized
scheduling was made by Phillips and Unger,2 who investi-
gated the scheduling problem in a simplified electroplating
line, which processed a single type of product by one hoist.
In their case, the hoist was scheduled to repeat a fixed move-
ment sequence. This type of complete movement sequence is
referred to a ‘‘cycle’’,3 and the corresponding type of sched-
uling is called ‘‘cyclic hoist scheduling’’ (CHS), which has
been proven to be an non-deterministic polynomial-time-hard
problem.4 Since then, a number of other new methods, espe-
cially mathematical programming based methods, have been
introduced.5–8 Applications can also be coupled with process
design and operation issues to bring multiperspective benefits,
such as freshwater/wastewater minimization and material and
energy savings. Xu and Huang9 pioneered in the environmen-
tal conscious hoist scheduling to integrate fresh water minimi-
zation with productivity maximization based on a graph-
assisted method. Kuntay et al.10 developed a two-step optimi-
zation algorithm to accomplish the same targets. In addition
to operational optimization, Liu et al.11 considered
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simultaneous productivity and water-reuse efficiency maximi-
zation by coupling CHS and water reuse network design.
Very recently, Liu et al.12 simultaneously addressed a triple-
objective optimization problem in terms of productivity maxi-
mization, energy saving, and wastewater minimization.

In practice, scheduling of an actual hoist-employed pro-

duction line may be more complicated than what the CHS

assumes. A general method of hoist scheduling should be

able to handle such situation that new jobs come to the sys-

tem randomly. This requires hoist scheduling to work in a

dynamic way, that is, dynamic hoist scheduling (DHS). It

means when a new job enters a production line for process-

ing, a new hoist schedule needs to be developed to replace

the current one. Yin and Yih13 and Yin14 studied the hoist

scheduling problem in such a way that the hoist schedule for

the jobs already in the production line does not change; only

the hoist schedule for the new job is to be added. This

approach can help reduce the complexity of schedule devel-

opment but cannot guarantee the optimality of the schedul-

ing solution. Lamothe et al.15,16 introduced a heuristic

method by resorting to a classical backtrack algorithm.

Nevertheless, that method was proved to be feasible only

when all jobs are of the same type. Goujon and Lacomme17

developed a dispatching-rule-based heuristic method, which

can give a priority to the most urgent job for processing.

Although it is simple and reasonable in most cases, it may

be incapable of handling various practical situations. Riera

and Yorke-Smith18 provided a comprehensive survey on the

history and classification of hoist scheduling problems,

where a hybrid algorithm combined with constraint logic

programming and mixed integer programming was pre-

sented. Zhou and Li19 also suggested a heuristic method

with the assistance of combining sequence search and a lin-

ear programming model. It shows success in scheduling a

four-tank example, which is much simpler than a real pro-

duction line. Xu and Huang20 proposed a heuristic-rule-based

solving strategy to tackle the hoist scheduling of a complex

electroplating problem, but it cannot theoretically guarantee

the robustness of the solution identification and its general

applicability. To even enhance the operability or productivity

of a production line, research on multihoists scheduling have

been studied as well.21–31

Probably the most critical type of hoist scheduling is the
real-time dynamic hoist scheduling (RDHS). It deals with
the dynamic scheduling of multiple types of jobs with differ-
ent recipes that continuously and randomly arrive to a pro-
duction line, requesting a new schedule to take care of all
the jobs’ processing; meanwhile, to ensure the online applic-
ability, the new schedule must be quickly identified with
optimality and be seamlessly implemented and connected
with the current hoist schedule and processing conditions of
the production line. Note that there are inherently more strin-
gent requirements for RDHS than DHS: RDHS requires that
the solution identification time for rescheduling must be
taken into account by the new schedule itself. The major
challenges of an RDHS problem are listed below:

(a) Multiple types of jobs with different job processing
recipes: In most of previous research, a production line only
processes one type of job. RDHS in this article addresses
different types of jobs with different processing recipes in
one production line. As only one hoist is available in the
production line, the hoist-service competition among all jobs
will be very intensive.

(b) The random arrival of new jobs: When new job(s)
arrive for processing, the current hoist schedule should be
updated. A new schedule has to be generated for serving all
the jobs in line, including the new joined jobs. Note that a
new schedule should also be seamlessly connected to the
current schedule, that is, the initial condition (hoist position
and job processing conditions) of the new schedule will be
the same as the terminating conditions of the current sched-
ule.

(c) Units with multijob capacities: It is common that a
unit may simultaneously process multiple jobs at a time to
improve the productivity. However, it causes the number of
jobs in a production line to increase. This inevitably brings
more complexity to an RDHS problem.

(d) Fast and robust rescheduling with real-time applic-
ability: This is because slow rescheduling could miss the
optimization opportunities and cause a lower production rate,
or even product quality problems due to job processing-time
violation; meanwhile, the optimal solution for rescheduling
must be quickly identified and seamlessly applied under all
the process constraints, so that the real-time applicability can
be guaranteed.

The challenges listed above make the modeling and solv-
ing of RDHS problems extremely difficult. Obviously, the
major challenges for RDHS are how to effectively deal with
uncertainties, such as unpredictable job arrival time, type,
recipe, and number, as well as how to efficiently obtain and
adopt an optimal solution for real-time application. Lots of
references have addressed uncertainties, especially in the
studies of short-time scheduling. In general, the methods
dealing with uncertainties can be classified into three catego-
ries: (1) Predicting uncertainty behaviors that provide addi-
tional information on uncertainty, based on which an optimal
scheduling strategy is developed and usually followed by
some post modification methods once the uncertainties have
been realized. The commonly used approaches include sto-
chastic scheduling approaches,32–39 chance constrained pro-
gramming approaches,40–44 and fuzzy programming meth-
ods.45–47 (2) Parametric programming methods that conduct
partition of optimal solutions within uncertainty space based
on characterized scheduling model structure prior to uncer-
tainty occurrence. A few studies have been reported in this
area.48–53 (3) Fast responding methods that take the advant-
age of the quick adaptive capability of a system for post
uncertainty processing. Reactive scheduling belongs to this
category, which can be further classified into mathematical
programming based approaches54–58 and hybrid approaches
that combine heuristic rules with mathematical program-
ming.20,59–63 The extensive reviews related to the above-
mentioned methods for handling uncertainties can be found
in publications of Floudas and Lin,64 Li and Ierapetritou,65

and Verderame et al.66

The way of handling uncertainties from the RDHS study
in this article belongs to the third category. A fast response
is critically required to generate a reschedule whenever an
uncertainty occurs, which means that the solution identifica-
tion time for rescheduling must be taken into account by the
new schedule itself, so that it fully shifts the problem focus
from the uncontrollable uncertainty domain to the controlla-
ble system domain. This philosophy is actually widely used
by industrial manufacturing, business, and people’s daily life
for handling uncertainties. According to the literature survey
made in this article, systematic and rigorous methodologies
addressing RDHS are still lack of study. In this article, a
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novel and rigorous RDHS methodology has been developed,
which takes into account uncertainties of new coming jobs
and targets real-time scheduling optimality and applicability.
It generally includes a reinitialization algorithm to accom-
plish the seamless connection between the previous schedul-
ing and rescheduling operations, and a mixed-integer linear
programming (MILP) model to obtain the optimal hoist
reschedule. The RDHS methodology has addressed all the
major scheduling issues of a multistage material handling
process, such as multiple recipes, multiple jobs, multicapac-
ity processing units, diverse processing time requirements,
and even optimal processing queue for new coming jobs.
The efficacy of the developed methodology is demonstrated
through various case studies.

Problem Statement

Multistage material handling process, for example, electro-
plating, is performed in a production line that consists of a
number of processing units with different processing pur-
poses. As shown in Figure 1, different jobs are picked up
from the loading zone initially, then dragged into those proc-
essing units by following their processing recipes, and finally
the jobs are placed on the unloading zone to complete their
processing. To help understand the RDHS problem, the fol-
lowing terminologies are introduced in advance.

Job processing recipe

A job processing recipe gives processing requirements for
a job, which includes the processing sequence and resident-
time window for each processing step. The recipes for differ-
ent types of jobs are different. Figure 1 gives the different
processing sequences according to the recipes for three types
of jobs (A–C), respectively.

Unit job processing capacity

It means the maximum number of jobs that can be simul-
taneously processed in a unit. In a general production line,
each processing unit has a certain job processing capacity.
Most units can handle one job at a time, whereas some units
have multijob processing capacity. For an example, in Figure
1, Tank 4 is a multijob capacity unit, which consists of two
slots for simultaneously processing two jobs if needed.

Free move, loaded move, and idle waiting

When a hoist travels without a job, it is called a free
move; otherwise, it is called a loaded move if a hoist travels
with a job. The idle waiting means the hoist just staying
above some unit without any activity and holding nothing.

Based on the above understandings, an RDHS problem
can be summarized as follows.

Given information:
1. One production line with fixed processing units and

one hoist;
2. Job capacity of each processing unit;
3. The traveling speed of hoist free move is fixed, which

means the hoist traveling time of a free move is totally
determined by the spatial distance that the hoist travels;

4. The traveling time of a hoist loaded move is deter-
mined by the job type the hoist holds and the picking loca-
tions; generally, a loaded move is slower than a free move
for the same distance;

5. Initial status of hoist position and inline job processing
conditions.

Uncertainties:
1. The arrival time, recipe, and number of new jobs that

join the production line. Note that once the new job(s)
come, their arrival time, recipe, and number are known im-
mediately.

Information to be determined:
1. The starting time point that the reschedule shall be

implemented when a rescheduling is triggered by new com-
ing job(s);

2. Detailed reschedule of hoist free, loaded move, and
idle waiting time;

3. Job processing time in each processing unit;
4. The total time span of the reschedule to complete the

processing of all the jobs inline.
Assumptions:
1. New job joins the production line via a loading zone

and leaves the production line via an unloading zone. The
loading and unloading zones share the same deck (see Figure
1).

2. No job capacity limit in the loading/unloading zone;
3. Job processing time limits (or time windows) in each

processing unit under every recipe cannot be violated at any
time.

Figure 1. An example of electroplating production line.
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General RDHS Methodology

In this article, a novel RDHS methodology has been
developed, which takes into account uncertainties of new
coming jobs and targets real-time scheduling optimality and
applicability. The scheduling activities are implemented in a
reactive way. Any occurrence of uncertainties will help initi-
ate a new schedule. This makes an RDHS problem imple-
mented as a series of sequentially connected rescheduling
problems. For each rescheduling problem, a MILP model is
developed to obtain the optimal hoist schedule to complete
processing tasks of all the inline jobs as quick as possible,
so that the productivity will be maximized. The global opti-
mal solution can be guaranteed for each rescheduling prob-
lem. Meanwhile, to accomplish the seamless connection
between the current scheduling and rescheduling operations,
a reinitialization algorithm is also introduced. In this section,
the general methodology framework is first introduced, and
then the RDHS modeling details including the dynamic set
designation, rescheduling model equations, and RDHS reini-
tialization algorithm are presented.

Methodology framework

Figure 2 shows the developed methodology framework of
RDHS. First, a general MILP-based rescheduling model
needs to be developed offline to minimize the processing
completion time of all the jobs in the production line, which
is equivalent to maximizing the production rate. With the
given initial conditions of the hoist and all the existing jobs
in the production line (including the new jobs in the loading
zone), the MILP model will be solved to obtain the optimal
solution for the current rescheduling problem. Note that dur-
ing the solution identification, the hoist is actually continuing
executing the current scheduling results. From what time
point (namely, the switch time point, ts) the hoist begins to
switch its movement from the previous scheduling to the
rescheduling results depends on how fast the solution identi-
fication can be done for the rescheduling problem.

The rescheduling solution may be available, whereas a
hoist is executing a free move or a loaded move. However,
the rescheduling can only be started when the hoist holds
nothing. This suggests that if the hoist is executing a loaded
move when the rescheduling solution is obtained, the hoist
has to complete the loaded move in hand first before it has
chance to implement the rescheduling results; on the other
hand, if the hoist is executing a free move when the resched-
uling solution is obtained, the rescheduling can be started at
the beginning of the free move, during the free move, or at
the end of the free move. Anyway, the switch time point (ts)
that the rescheduling results begin to be implemented has to
be projected in advance. Note that when new jobs join the
production line, the rescheduling calculation can be immedi-
ately conducted at this new job addition time (ta). The pro-
jected ts should supposedly be behind ta by enough time to
ensure that the time interval of ts � ta would be greater than
the solution identification time (Dtc) used for the reschedul-
ing problem (as illustrated in Figure 3), so that the resched-
uling results could be implemented in time. Therefore, ts �
ta should be larger than the upper time limit for solving the
MILP rescheduling model. How to project the switch time
point and identify the initial conditions of the hoist and all
the existing jobs in the production line will be given in
details in the later section of RDHS initialization strategy.

As shown in Figure 2, when the rescheduling problem is
solved, the actual Dtc will be examined to see if it is under
estimation or not. Two scenarios will be considered.

1. If it is under the estimation (i.e., ts � ta � Dtc), the
rescheduling results can be timely implemented (as shown in
Figure 3). The hoist will be checked for its availability at
the switch time point and start to implement the rescheduling
movements after the switch time point; in the meantime,
RDHS algorithm will stand by until a new batch of jobs join
the production line. Once new jobs arrive, their job types,
recipes, and numbers are recognized. Then, the system will
estimate the solution identification time for the next round
rescheduling to project the new switch time point again and
the initial conditions of the production line, including initial
hoist position (HI), leftover processing recipes (SIn, n ¼
1,…,N with N number of jobs inline) and their elapsed proc-
essing time (ITi,n, n ¼ 1,…,N and i the unit, in which job n
is currently processed) in the current occupied units (BIn).

2. If the actual solving time is out of the estimation (i.e.,
ts � ta \ Dtc), the rescheduling results cannot be timely
implemented. Then, the rescheduling switch time point has
to be projected again to reinitialize a new solution identifica-
tion; meanwhile, the hoist will continue performing the
existing schedule. Iteratively, the rescheduling activities are
trigged in a reactive way that any occurrence of uncertainties
will initiate a new schedule.

RDHS dynamic sets

To accurately and precisely model the dynamic multistage
material handling process, the dynamic sets are used for
some particular variables. recipen is the processing recipe of
job n, which includes the unit processing sequence character-
ized by a directed array of unit indexes and the processing
time specification in each processing unit. Let i represents
the unit index; then the processing time specification in unit
i for job n is generally bounded by a lower and an upper
bound as RT1o

i;n and RT
up
i;n, respectively. SIn is the leftover

recipe containing the uncompleted processing units of job n

Figure 2. Methodology framework.
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at the beginning of a reschedule (i.e., at the switch time
point), which is presented by Eq. 1.

SIn ¼ in 8in; in 2 recipenð Þ ^ ordðinÞ � ordðBInÞð Þjf g (1)

where in is unit i during the processing of job n; BIn is the
location of job n at the beginning of a reschedule; ord(in) and
ord(BIn) are the processing step index of in and BIn, respectively.
Thus, ord(in) � ord(BIn) suggests those uncompleted processing
steps for job n. Equation 2 defines a set SIA

n containing all the
processing units that the hoist can lift job n from. Because when
a job is sent to the unloading deck, its production is already
completed, the job should not be picked up by the hoist from the
unloading zone (EI). Thus, EI should be excluded from SIA

n .

SIA
n ¼ inj 8in 2 SInð Þ ^ in 6¼ EIð Þf g (2)

To clarify the concepts of recipen, SIn, and SIA
n , suppose a

production line consists of eight units including the loading/
unloading zone, which are indexed as 1–8. Loading zone
and unloading zone are units 1 and 8, respectively. Also sup-
pose a job B is inline and its job index n is 3; its recipe sug-
gests its processing sequence as {1, 2, 3, 4, 5, 6, 7, 8}. If at
the beginning of the reschedule this job B is in unit 4, then
SI3 is {4, 5, 6, 7, 8}; and SIA

3 is {4, 5, 6, 7}. Note that the
dynamic sets will change under different initial conditions of
each rescheduling problem.

RDHS rescheduling model

Based on the defined dynamic sets, the general MILP
rescheduling model is introduced in this section. For illustra-
tion, some logic equations and auxiliary figures are used to
explain the rescheduling model. All the variables and param-
eters are explained both in the context and in the notation.

Objective Function. The goal in the rescheduling model
is to maximize the job production rate, which is equivalent
to minimizing the time span (T) used for processing all the
jobs inline as shown in Eq. 3.

Obj ¼ min T (3)

T � TEEI;n; 8n 2 SN (4)

where EI is the index of the unloading zone; SN is the set of all

the jobs in the production line; TEEI,n is the ending time that

the hoist drops job n into the unloading zone (end of the last

loaded move), which is also the production due time of job n.

Equation 4 indicates that T should be larger than the

production due time of every job in the production line.

Hoist movement Constraints. Hoist movement constraints
are used to define and characterize two time variables of TSi,n

and TEi,n, where TSi,n and TEi,n are, respectively, the lift time
and release time for the hoist to pick up job n from unit i or to
drop job n in unit i. As aforementioned, hoist movements include
free and loaded moves. Equation 5 describes the relationship of

Figure 3. Rescheduling strategy illustration.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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a hoist loaded move, where Li,n is the traveling time of a hoist
loaded move for carrying job n from unit i to the next unit.

TEiþþ1;n ¼ TSi;n þ Li;n; 8i 2 SIA
n ; 8n 2 SN (5)

where TEiþþ1,n is the release time of carrying job n to the next
processing unit according to the processing recipe.

Equation 6 suggests that TSi,n should be at least larger
than a time limit (FHI,i) even if the hoist moves directly
from the initial position to unit i to pickup job n.

TSi;n � FHI;i; 8i 2 SIA
n ; 8n 2 SN (6)

where HI is the initial hoist position at the beginning of the
rescheduling. Equations 7 and 8 ensure that loaded moves
cannot timely conflict, that is, a hoist cannot carry two jobs at
a time. Here, a binary variable wi,n,i0,n0 is used. If the loaded
move that picks up job n0 from unit i0 occurs ahead of the
loaded move that picks up job n from unit i, wi,n,i0,n0 is 1;
otherwise, the loaded move that picks up job n0 from unit i0

occurs after the loaded move that picks up job n from unit i,
wi,n,i0,n0 is 0 (as illustrated in Figure 4).

M wi;n;i0;n0 � 1
� �

� TEiþþ1;n � TSi0;n0 � Mwi;n;i0;n0 ;

8i 2 SIA
n ;8i0 2 SIA

n0 ;8n; n0 2 SN; i 6¼ i0 or n 6¼ n0 ð7Þ

�wi;n;i0;n0M � TEi0þþ1;n0 � TSi;n � M 1 � wi;n;i0;n0
� �

;

8i 2 SIA
n ;8i0 2 SIA

n0 ;8n; n0 2 SN; i 6¼ i0 or n 6¼ n0 ð8Þ

Based on wi,n,i0,n0, TSi,n can be restricted by Eq. 9, indicat-
ing that if TSi,n [ TSi0,n0, then TSi,n � TEi0þþ1,n0 þ Fi0þþ1,i;

or vice versa (see Figure 4a, b), where Fi0þþ1,i is the travel-
ing time of a hoist free move from unit i0þþ1 to unit i.
Note that after a hoist completes a free move, it may experi-
ence an idle waiting right above the unit where it will pick
up a job, if that job is not ready to leave yet (due to job
processing time restriction). The nonlinear constraint of Eq.
9 is linearly presented by Eqs. 10–12, where another positive
variable Sli,n,i0,n0 is introduced to substitute (TEi0þþ1,n0 þ
Fi0þþ1,i)wi,n,i0,n0. L and M are the lower and upper bounds of
Sli,n,i0,n0, respectively.

TSi;n � TEi0þþ1;n0 þ Fi0þþ1;i

� �
wi;n;i0;n0 ;

8i 2 SIA
n ; 8i0 2 SIA

n0 ;8n; n0 2 SN; i 6¼ i0 or n 6¼ n0 ð9Þ

L 1 � wi;n;i0;n0
� �

� TEi0þþ1;n0 þ Fi0þþ1;i

� �
� Sli;n;i0;n0

� M 1 � wi;n;i0;n0
� �

;8i 2 SIA
n ; 8i0 2 SIA

n0 ;

8n; n0 2 SN; i 6¼ i0 or n 6¼ n0 ð10Þ

Lwi;n;i0;n0 � Sli;n;i0;n0 � Mwi;n;i0;n0 ;

8i 2 SIA
n ; 8i0 2 SIA

n0 ;8n; n0 2 SN; i 6¼ i0 or n 6¼ n0 ð11Þ

TSi;n � Sli;n;i0;n0 ;

8i 2 SIA
n ; 8i0 2 SIA

n0 ;8n; n0 2 SN; i 6¼ i0 or n 6¼ n0 ð12Þ

Unit Processing Capacity Constraints. The units

involved in the production line may have diverse job proc-

essing capacities. Some of them can only process one job at

a time, so that to release a new job into such a single-

capacity unit, the job already staying in the unit must be

moved out first. For the multicapacity units, the maximum

number of jobs processed in the unit at any time has a limit.

Equations 13 and 14 provide the way to count the number of

jobs staying in a unit. A binary variable xi,n,n0 is defined in

the logic constraint of Eq. 13. As illustrated in Figure 5,

xi,n,n0 is 1 if job n0 once a time stays with job n in unit i; oth-

erwise, it is 0. In Eq. 14, Cai is job processing capacity of

unit i.
P

n02SN xi;n;n0 (n = n0) accounts for the total number

of jobs once staying with job n in unit i at a time. Thus, the

job capacity of unit i is at least
P

n02SN xi;n;n0þ1.

TEi;n � TEi;n0 � TSi;n , xi;n;n0 ¼ 1;

8i 2 SIA
n and 8i 2 SIA

n0 ;8n; n0 2 SN; n 6¼ n0 ð13Þ
X
n02SN

xi;n;n0 þ 1 � Cai;

8i 2 SIA
n and 8i 2 SIA

n0 ; 8n; n0 2 SN; n 6¼ n0 ð14Þ

To represent the logic constraint of Eq. 13 with linear
algebraic constraints, Eqs. 15–17 are used.

� ui;n;n0M \ TEi;n0 � TSi;n � M 1 � ui;n;n0
� �

;

8i 2 SIA
n and 8i 2 SIA

n0 ; 8n; n0 2 SN; n 6¼ n0 ð15Þ

� vi;n;n0M \ TEi;n � TEi;n0 � M 1 � vi;n;n0
� �

;

8i 2 SIA
n and 8i 2 SIA

n0 ; 8n; n0 2 SN; n 6¼ n0 ð16Þ

vi;n;n0 þ ui;n;n0 � xi;n;n0 � 1; 8i 2 SIA
n and

8i 2 SIA
n0 ; 8n; n0 2 SN; n 6¼ n0 ð17Þ

Figure 4. Illustrative examples for binary variable of
wi,n,i0,n0: (a) wi,n,i0,n0 5 1 (the loaded move of job
n0 from unit i0 is ahead of that of job n from
unit i); (b) wi,n,i0,n0 5 0 (the loaded move of job n0

from unit i0 is behind that of job n from unit i).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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where another two binary variables are introduced to represent
the relations between TSi,n, TEi,n0, and TEi,n. As shown in Eqs.
15 and 16, ui,n,n0 is 1 if TEi,n0 � TSi,n; otherwise, it is 0. vi,n,n0 is 1
if TEi,n� TEi,n0; otherwise, it is 0. Based on the linearization, all
unit processing capacity constraints become linear.

Processing Time Constraints. Generally, a job staying in
a processing unit should respect a processing time window
specified by its recipe. Equation 18 accounts for the process-
ing time of job n staying in unit i, where ITi,n is the elapsed
processing time duration of job n staying in unit i when the
reschedule is started. As shown in Eq. 19, RTlo

i;n and RT
up
i;n

are the specified lower and upper bounds of the processing
time window, respectively.

pi;n ¼ TSi;n � TEi;n þ ITi;n; 8i 2 SIA
n ; 8n 2 SN (18)

RTlo
i;n � pi;n � RT

up
i;n; 8i 2 SIA

n ; 8n 2 SN (19)

Variable Bounds. All the continuous variables have a
lower bound of zero and an upper bound of M. As described,
u, v, w, and x are defined as binary variables.

gn; pi;n; Sli;n;i0;n0 ;T;TSi;n;TEi;n � 0; 8i; i0 2 SI; 8n; n0 2 SN

(20)

gn; pi;n;Sli;n;i0;n0 ;T;TSi;n;TEi;n � M; 8i; i0 2 SI;8n; n0 2 SN

(21)

ui;n;n0 ; vi;n;n0 ;wi;n;i0;n0 ; xi;n;n0 2 0; 1f g; 8i; i0 2 SI;8n; n0 2 SN

(22)

In summary, the developed RDHS rescheduling model
consists of the objective function of Eq. 3, and constraints of
Eqs. 4–8, 10–12, and 14–22. It is an MILP model and can
be efficiently solved with commercial solvers.

RDHS Initialization Strategy

To solve the MILP rescheduling model, its initial conditions
need to be determined through a systematic and quantitative
way. As aforementioned, the RDHS system needs to trigger a
rescheduling activity corresponding to any addition of new
jobs. Before the rescheduling result is implemented, the hoist
will execute the current schedule. Moreover, the hoist has to
first complete the ongoing loaded move if it is holding a job
at that moment before it has chance to implement the resched-
uling results. Thus, the switch time point (ts) for rescheduling
can be setup at the beginning of a free move, during a free
move, or at the end of a free move, as long as the hoist holds
nothing at that time. Equation 23 gives the method to identify
the switch time point (ts) for implementing the rescheduling.

ts ¼ ti;k min
i;k

ti;k � ta � Dtc
� �

� 0

����
� �

(23)

where ta represents the time point at which new job(s) just join
the production line; Dtc represents the estimated time consump-
tion for solving the rescheduling model; and ti,k represents the
time point at which the hoist moves to unit i for the kth time
according to the current schedule. However, the situation that the
hoist passing by the unit i during a loaded move is excluded, for
the reason that at this time point the hoist is occupied, which is
not feasible to begin a reschedule. Equation 23 shows that the
switch time point should be larger than ta with the minimum
time difference, and such a time difference should also be larger
than Dtc, so that the rescheduling can take place as soon as
possible under any new addition of job(s); and in the meantime,
the rescheduling results can be implemented in time. Note that
although Eq. 23 suggests an optimization problem, the solution
identification for ts is very fast, because ts can be obtained
through hoist movement search after ta þ Dtc according to the
current schedule (Figure 6).

Figure 5. Illustrative examples for binary variables of xi,n,n0: (a) xi,n,n0 5 1 (the job n0 is staying with job n in the unit i
at one time); (b) xi,n,n0 5 0 (the job n0 is never staying with job n in the unit i at any time).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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The initial hoist position (HI) of the rescheduling problem
can be obtained through a method represented by Eq. 24. At
the time of ts, unit i, where the hoist is hanging above, is
indicated as HI. Note that the initial hoist position of a
reschedule is characterized by the unit index.

HI ¼ i ti;k ¼ ts
��� �

(24)

Besides the hoist initial condition, the processing condi-
tion of all the jobs in the production line should also be
identified. Equation 25 accounts for the elapsed time dura-
tion of job n staying in unit i (ITi,n) when a reschedule is
just started. In the equation, the superscript p means the cur-
rent schedule, so that TE

p
i;n, TS

p
i;n, SIp;An , and SNp have simi-

lar definitions as those used in the rescheduling model but
are, respectively, distinguished. Note that ITi,n will be used
by Eq. 18. To ensure the generality of Eq. 18, if ITi,n at ts

does not influence the accounting of pi,n during the resched-
uling, ITi,n is given by 0.

ITi;n ¼
ts � TE

p
i;n; if TS

p
i;n � ts � TE

p
i;n

0; otherwise

�
; 8i 2 SIp;An ; 8n 2 SNp

(25)

Similarly, the units whose processing times are influ-
enced by ITi,n are the occupied units at the beginning of
the rescheduling; meanwhile, for those new coming jobs,
their beginning units are loading zone (BI). As shown in
Eq. 26, the initial job positions used for rescheduling are
provided.

BIn ¼
i; if TS

p
i;n � ts � TE

p
i;n

BI; otherwise

�
; 8i 2 SIp;An ; 8n 2 SNp

(26)

Finally, when all the initial hoist and job conditions are

identified, the rescheduling will be calculated and implemented

based on the new time origin, which means the rescheduling

switch time point will be setup as 0 (Eq. 27) in the reschedule.

Correspondingly, as the elapsed time duration of job n staying

in unit i (ITi,n) has been accounted, its release time point

TEBIn;n in the reschedule should be set as 0 (Eq. 28).

ts ¼ 0 (27)

TEBIn;n ¼ 0 (28)

Case Studies

The developed RDHS methodology has been examined
through a hoist scheduling problem for a multistage material
handling process. In this production line (see Figure 1), eight
units with various processing purposes (including the load-
ing/unloading zone) are labeled as 1–8; loading zone and
unloading zone are indexed as units 1 and 8, respectively.
Different types of jobs, for example, A–C with different
processing recipes are processed in this production line. The
job processing capacity and the allowed processing time
window of each unit, as well as the initial conditions of the
production line are given in Table 1. The first row means
the unit index in the production line; whereas the first column

Figure 6. A schematic plot for ts identification: (a) An indexed hoist moving route for current scheduling; (b) Initial
hoist position and starting time point for rescheduling.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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means the job processing capacity, the processing-time lower
bound of each unit, the processing-time higher bound of each
unit, the initial job in each unit, and the elapsed processing-
time duration at the beginning of a schedule. Unit 4 has job
processing capacity of two; units 1 and 8 are the loading/
unloading zone without job capacity restriction; and the other
processing units have single-job processing capacity.

At the beginning of the current scheduling problem, there
are four jobs under processing in different units; meanwhile,
one job is just added onto the loading zone (see Figure 1).
Hoist traveling times for free and loaded moves are given pa-
rameters as shown in Tables 2 and 3. For free moves shown in
Table 2, the first row and column represent unit indexes of the
production line, and it takes 2 s for the hoist traveling between
two adjacent processing units. Sometimes, after the hoist drops
a job in a certain unit, it will lift another job from the same
unit; under this situation, we consider that the hoist free move
consumes zero second. For Table 3, the first row is different
job type in the system, and the first column is the unit index of
the production line. It gives the loaded move time when the
hoist is holding a certain job and departing from a certain unit.
Note that the developed RDHS methodology is capable of
scheduling many types of jobs as long as their recipes are
given at the time the jobs join the production line.

All the cases are modeled and solved in GAMS67 version
23.3 with the solver CPLEX,68 and the solving time with an
8-Core Xeon 3.2GHz Dell server for all the case studies is
within 1 s, which is acceptable for rapid switch to resched-
ules due to uncertainties. Certainly, more jobs in the produc-
tion line may increase the solution identification time.
Through our pretesting, to reschedule at least three new jobs
simultaneously added into the production line, 2 s can be
safely adopted as the computational time (i.e., Dtc ¼ 2). As
shown in the methodology framework, the MILP model will
be reactively resolved whenever any uncertainties occur, for
example, new jobs come randomly with different recipes.

Case 1: current hoist schedule

In this schedule, five jobs will be processed in the produc-
tion line of eight units. The initial jobs in the production line
include 4 job A in units 3, 4, 6, and 7; and one job B in unit

1. The developed MILP model for the current schedule has
368 binary variables, 697 continuous variables, and 2696 con-
straints, and the solving time for this case is 0.22 s. Figure 7
shows the global optimal scheduling results for the current
schedule based on the given initial condition. The total sched-
uling time span is 283 s including 175 s of loaded move and
108 s of free move and idle waiting. During the schedule, the
hoist starts from lifting job B1 from loading zone; after
releases it into unit 2, the hoist free moves to unit 7 to pick up
job A2, then the hoist performs a series of loaded moves and
free moves according to the schedule, and finally completes all
the job processing tasks and returns to the loading/unloading
zone. Every starting and ending time point of the loaded
moves, as well as the job index carried by the hoist for each
loaded move are marked in the figure. For those single-capacity
units, the job already in the unit has to be moved out before
another job is released; for multicapacity unit as unit 4, a job
A3 is under processing at the beginning of the schedule, with
another job A1 released at the time 34 s, unit 4 does handle
two jobs at that time. Also, after a free move, the hoist may be
idle waiting above a certain unit to rest according to the sched-
ule. For example in Figure 7, the hoist free moves from unit 7
at 57 s to unit 2 to lift job B1. The free move time is 4 s;
whereas, the hoist lifts job B1 at 64 s, which suggests that
there is an idle waiting of 3 s before the hoist lifts job B1.

To demonstrate the efficacy of the developed RDHS meth-
odology, another three rescheduling case studies are con-
ducted from different aspects of uncertain job arrival time,
recipe, and job numbers.

Case 2: rescheduling when a new job is added during a
hoist free move

Suppose that at the time of 145 s, a job C (indexed as C1)
comes to the loading zone to be processed. To adopt the
processing of this new job C as quick as possible, the hoist
movement is going to be rescheduled. At that time, the hoist
is experiencing a free move based on the initialization of the
rescheduling, ta is 145 s, Dtc is 2 s; according to the hoist
current movement schedule by considering the computational
time, the closest position that the hoist can restart a new
reschedule is unit 7, which will be set as the hoist initial
position in the reschedule. The time point when the hoist
travels right above unit 7 will be set as the switch time for
rescheduling (i.e., ts ¼ 148 s from the current schedule, but
ts is set as 0 in the reschedule). The initial condition for this
rescheduling case is obtained and listed in Table 4. Other
rescheduling initial conditions based on the same current
schedule are also listed in Table 4. In Table 4, the first row
is the unit index of the production line; the first column is
the case index, whereas the second column is the initial
job(s) and elapsed processing-time duration at the beginning
of a reschedule. In this schedule, four jobs will be processed

Table 2. Given Parameters of Fi0,i (s)

Unit i0

Unit i

1 2 3 4 5 6 7 8

1 0 2 4 8 12 10 6 0
2 2 0 2 6 10 8 4 2
3 4 2 0 4 8 6 2 4
4 8 6 4 0 4 2 2 8
5 12 10 8 4 0 2 6 12
6 10 8 6 2 2 0 4 10
7 6 4 2 2 6 4 0 6
8 0 2 4 8 12 10 6 0

Table 3. Given Parameters of Li,n (s)

Unit i

Job Type n

A B C

1/8 4 4 4
2 10 10 10
3 8 8 14
4 11 11 0
5 5 20 0
6 10 0 10
7 13 0 13

Table 1. General Information and Initial Condition for the
Production Line

Unit 1/8 2 3 7 4 6 5

Cai 1 1 1 1 2 1 1
RTlo

i;n (s) – 60 30 30 75 55 30
RT

up
i;n (s) – 300 300 300 300 300 300

Initial jobs B1 None A1 A2 A3 A4 None
ITi,n (s) 2 – 4 33 68 22 –
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in the production line of eight units. The initial jobs in the
production line include 2 job A in units 5 and 6; one job B
in unit 4; and one job C in unit 1. The MILP model for the
rescheduling has 174 binary variables, 347 continuous vari-
ables, and 1318 constraints, and the solving time for Case 2
is 0.24 s. The rescheduling time span for the global optimal
solution is 235 s, including 133 s of loaded move and 102
s of free move and idle waiting. Figure 8 shows the global
optimal rescheduling results and how the system is
switched from the current schedule to the newly obtained
reschedule. In the reschedule, the hoist starts a free move
from unit 7 to the loading zone; and then picks up the new
coming job C1 at 6 s, and then it is released into its next
processing unit 2 at 10 s. By following the reschedule
shown in Figure 8, all the jobs in the production line will
be processed.

Case 3: rescheduling when a new job is added during a
hoist loaded move

If the job C1 comes earlier to the system at time 117 s,
then ta is 117 s and Dtc is 2 s, the reschedule should be

Figure 7. Optimal scheduling results for Case 1.

Table 4. Initial Conditions for the Rescheduling Cases

Unit

1/8 2 3 7 4 6 5

Case 2 Initial jobs C1 None None None B1 A3 A1
ITi,n (s) 3 – – – 36 61 25

Case 3 Initial jobs C1 None None A4 B1 A3 A1
ITi,n (s) 6 – – 66 11 36 0

Case 4 Initial jobs A5, B2,
C1

None None None B1 A3 A1

ITi,n (s.) 3 – – – 36 61 25
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applied after 119 s. However, at that time the hoist is carry-
ing job A1, a reschedule cannot be started with a loaded hoist.
Thus, unit 5 where job A1 is released will be set as the hoist
initial position for the rescheduling. The time point when the
hoist is right above the unit 5 will be set as the switch time
for rescheduling (i.e., ts ¼ 123 second from the current sched-
ule, but ts is set as 0 in the reschedule). The initial condition
for this rescheduling case is obtained and also listed in Table
4. In this schedule, five jobs will be processed in the produc-
tion line of eight units. The initial jobs in the production line
include 3 job A in units 5–7; one job B in unit 4; and one job
C in unit 1. The MILP model for this case has 216 binary
variables, 417 continuous variables, and 1570 constraints, and
the solving time for Case 3 is 0.24 s. The time span for the
global optimal solution is 248 s including 146 s of loaded

move and 102 s of free move and idle waiting. Figure 9
shows the global optimal rescheduling result and how the sys-
tem is switched from the current schedule to the reschedule.
In this reschedule, the hoist first spends a free move and a
loaded move before starts to lift the new job C1 from the
loading zone at time 19 s.

Case 4: rescheduling when three different jobs
simultaneously arrive

Suppose at the time 145 s, three jobs indexed as A5, B2,
and C1 simultaneously join the loading zone (instead of one
new job in Cases 2 and 3). As shown in Case 2, the switch
time for rescheduling will be set at 148 s, and unit 7 will be
set as the hoist initial position. The initial condition for this
rescheduling case is listed in Table 4. In this schedule, six

Figure 8. Optimal rescheduling results for Case 2.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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jobs will be processed in the production line of eight units: 3
job A in units 1, 5, and 6; 2 job B in units 1 and 4; and one
job C in unit 1. The MILP model for this case has 732 binary
variables, 1363 continuous variables and 5394 constraints,
and the solving time for Case 4 is 0.73 s. The reschedul-
ing time span for the global optimal solution is 426 s,
including 247 s of loaded move and 179 s of free move
and idle waiting. Figure 10 shows the global optimal
rescheduling results and how the system is switched from
the current schedule to the reschedule. In the reschedule,
the new job A5 is picked up from the loading zone at 6 s,
the new job C1 is picked up at 84 s, and the new job B2
is picked up at 162 second. Therefore, the processing
sequence of the new joined jobs is A ! C ! B, which

suggests that the optimal processing queue can actually
be obtained through the developed RDHS methodology.

To fully demonstrate the optimal queue capability of the
developed RDHS methodology, more scenarios based on
Case 4 are investigated. As there are three jobs A–C simulta-
neously joining the production line, the full combinations of
their processing sequence generate six scenarios, including
the obtained optimal one (A ! C ! B). Thus, we generate
the other five queue scenarios and enforce the rescheduling
to handle the new job processing according to these queue
scenarios (see Table 5). Note that for fixed queue scenarios,
RDHS is still conducting optimal rescheduling, but must fol-
low the designated job processing queue. All the queue sce-
narios are solved within 1 s. Their rescheduling time span is

Figure 9. Optimal rescheduling results for Case 3.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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shown in Table 5. It shows that the job processing queue
does influence the rescheduling time span. The difference
between best one (426 s under the queue of A ! C ! B)
compared with the worst one (504 s under the queue of C
! B ! A) is 78 s, which is significant. The results on the
one hand demonstrate the exceptional merit of the developed
RDHS methodology for its optimal queue capability. On the
other hand, it also suggests the new processing queue should
be considered if possible, because there are significant bene-
fits implicated. Certainly, when more jobs join the

Figure 10. Optimal rescheduling results for Case 4.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 5. Optimal Rescheduling Results under Different Job
Queues for Case 4

Scenario No. Job Queue
Rescheduling

Time Span (T) (s)
Solving
Time (s)

1 A ! B ! C 430 0.41
2* A ! C ! B 426 0.73
3 B ! A ! C 464 0.38
4 B ! C ! A 503 0.27
5 C ! A ! B 431 0.42
6 C ! B ! A 504 0.29

*Optimal rescheduling result of Case Study 4.
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Figure 11. Optimal scheduling results for Case 5.

478 DOI 10.1002/aic Published on behalf of the AIChE February 2013 Vol. 59, No. 2 AIChE Journal



Figure 12. Optimal rescheduling results for Case 5.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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production line simultaneously, the size of this MILP prob-
lem becomes larger, which suggests Dtc should be increased
accordingly. This might affect the real time application of
reschedules. This should be analyzed through pretest calcula-
tion and case by case as well.

Case 5: scheduling of a real-world electroplating
problem

The developed methodology has also been used to solve
the same electroplating problem from Liu et al.,11 which is a
real hoist scheduling problem from industry. In this electro-
plating line, three types of unit operation, cleaning, rinsing,
and plating, are performed in 16 units. The capacity of unit 9
is 8, and other units are with single capacity. Three different
types of jobs will be processed both in current schedule and
in reschedule. When new jobs come to this system, it will
trigger a rescheduling. At the beginning of the current sched-
uling problem, there are six jobs under processing in unit 9;
meanwhile, four jobs are just released onto the loading zone.
Thus, 10 jobs will be processed in the production line of 16
units. The initial jobs in the production line include 3 job A
in units 1 and 9; 3 job B in units 1 and 9; and 4 job C in
units 1 and 9. The developed MILP model for the current
schedule has 2244 binary variables, 3935 continuous varia-
bles, and 15,388 constraints, and the solving time for this case
is 13.24 s. Figure 11 shows the global optimal scheduling
results for the current schedule. The total scheduling time
span is 6634 s. Every starting and ending time point of the
loaded moves, as well as the job index carried by the hoist
for each loaded move are marked in the figure.

As the electroplating line in this case contains more units
and jobs than in the previous cases, the solution identifica-
tion time will increase. Through our pretesting, 30 s can be
safely adopted as the computational time (i.e., Dtc ¼ 30).
Suppose at the time 3995 s, four jobs simultaneously join
the loading zone. As shown in Figure 12, the switch time for
rescheduling will be set at 4040 s, when the hoist just fin-
ishes releasing job A1 to unit 11. And unit 11 will be set as
the hoist initial position. In this schedule, nine jobs will be
processed in the production line of 16 units. The initial jobs
in the production line include 4 job A in units 1, 9, and 11;
3 job B in units 1 and 9; and 2 job C in units 1 and 9. The
MILP model for this case has 2022 binary variables, 3631
continuous variables, and 14,442 constraints, and the solving
time for rescheduling is 11.98 s. The rescheduling time span
for the global optimal solution is 6746 s. Figure 12 shows
the global optimal rescheduling results and how the system
is switched from the current schedule to the reschedule.

Case 5 demonstrates that the developed methodology still
works very well for a large-scale real industrial problem.
Certainly, for a very large-scale hoist scheduling problem,
the central processing unit solving time will become a big
issue for real-time application. However, because generally
multihoists will be used for such an application, the schedul-
ing problem can be decomposed into several subproblems
and each subproblem will contain a hoist and only a section
of a production line, which can still be efficiently solved
based on the development of this study.

Concluding Remarks

RDHS targets online generation of optimal schedules for
fast handling multiple types of jobs with different recipes
that continuously and randomly arrive at a production line.

RDHS inevitably needs to overcome the computational com-
plexity for real-time application; and in the meantime, to
confront many stringent situations due to uncertainties
including job arrival time, type, recipe, and job number. In
this article, a novel optimized RDHS methodology is devel-
oped, which takes into account the uncertainty of new
incoming jobs and targets real-time scheduling optimality
and applicability. The RDHS methodology addresses all the
major scheduling issues of a multistage material handling
process, such as multiple recipes, multiple jobs, multicapac-
ity processing units, diverse processing time requirements,
and even optimal processing queues for new coming jobs.
The efficacy of the developed methodology is demonstrated
by various case studies.
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Notation

Sets

SN ¼ {n|n ¼ 1,…,N}set of jobs in the rescheduling problem
SI ¼ {i|i ¼ BI,…,EI}set of units of the production line

SIn ¼ set of leftover processing steps of job n
SIA

n ¼ set of units that the hoist can lift job n from
recipen ¼ complete processing procedure for manufacturing job n

Parameters

BI ¼ loading zone
Cai ¼ number of jobs that unit i can simultaneously process
EI ¼ unloading zone
Fi0 ,i ¼ traveling time of the hoist free move from unit i0 to unit i
Li,n ¼ traveling time of the hoist loaded move for carrying job n

from unit i to the next processing unit according to recipen
M ¼ a sufficient large number

RTi,n
lo ¼ lower time limit for processing job n in unit i

RTi,n
up ¼ upper time limit for processing job n in unit i
ta ¼ time point when new jobs are added into the production line

Dtc ¼ the estimated time consumption for solving the rescheduling
model

Variables

BIn ¼ initial location (characterized by a unit index) of job n at the
beginning of a reschedule

HI ¼ initial hoist position (characterized by a unit index) at the
beginning of a reschedule

ITi,n ¼ elapsed processing time duration of job n staying in the unit i
at the beginning of a reschedule

pi,n ¼ processing time for job n staying in unit i
Sli,n,i0 ,n0 ¼ positive variable to substitute Ei0þþ1;n0 þ Fi0þþ1;i

� �
wi;n;i0;n0

ti,k ¼ time point that the hoist travels to the unit i for the kth time
ts ¼ switch time point for starting to implement rescheduling

results
T ¼ rescheduling time span

TEi,n ¼ ending time point of a loaded move, when job n is released
into unit i

TSi,n ¼ starting time point of a loaded move, when job n is lifted
from unit i

ui,n,n0 ¼ binary variable, which is 1 if TEi;n0 � TSi;n; otherwise, it is 0
vi,n,n0 ¼ binary variable, which is 1 if TEi;n � TEi;n0 ; otherwise, it is 0

wi,n,i0 ,n0 ¼ binary variable, which is 1 if the loaded move that picks up
job n0 from unit i0 occurs ahead of the loaded move that
picks up job n from unit i; otherwise, it is 0

xi,n,n0 ¼ binary variable, which is 1 if job n0 once stays with job n in
unit i; otherwise, it is 0
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